Abatract: This paper gives several results on Besov spaces of holomorphic functions on a very large class of domains D in C n . They include Duality theorem, embedding theorem, best growth estimate, and boundedness of multiplication operators on Besov spaces.
Introduction and main results
Let D be a bounded domain in C n with C 2 boundary. For 0 < p ≤ ∞, we let L p (D) be the usual Lebesgue space over D with respect to the Lebesgue volume measure dv of IR 2n , and let A p (D) be the holomorphic subspace of L p (D). Let P : L 2 (D) → A 2 (D) be the (orthogonal) Bergman projection with (reproducing) Bergman kernel K(z, w), and let dλ(z) = K(z, z)dv(z). It is easy to check that dλ is a biholomorphically invariant measure. To avoid the traditional holomorphic Besov space B p (D) = C when p ≤ n and D is a smoothly bounded strictly pseudoconvex domain in C n , we modify its definition as the following equivalent semi-norm for p > n: We say a smoothly bounded domain D in C n is an admissible domain if D is one of the following domains.
(a) A strictly pseudoconvex domain in C n ; (b) A pseudoconvex domain of finite type in C 2 ; (c) A convex domain of finite type in C n . When D is an admissible domain in C n , by the results were proved in Stein [20] , Krantz and Li [10] , [11] , [12] , [13] , [14] , the book of Garnett [9] , and the John-Nirenberg Lemma with respect to corresponding balls, one has that if f ∈ H 1 (D), then f ∈ BM OA(D) if and only if
We would like to point out here that fundamental tools for studying holomorphic function spaces over a domain D are the boundary behavior of the reproducing kernels of holomorphic functions for D. They are Bergman kernel and Szegö kernel. In the last thirty years, the boundary behavior of Bergman and Szegö kernel have received a considerable study, there are many results have been obtained for a general class of pseudoconvex domains in C n . However, for the analysis (the proof of Theorems 1.1 and 1.3 below) in this paper, we need more precise estimates on Bergman, Szegö kernels and their derivatives which are comparable to the complex gemoetry of the domains (or maximal 'size' of complex polydics inscibed in the domains). It is known that such sharp estimates were well established by Fefferman [8] (for strictly pseudoconvex), McNeal [16, 17] (convex domain in C n , finite type in C 2 ) and Negal, Rosay, Stein and Wainger [19] (finite type domain in C 2 ). Roughly speaking, in [8, 16, 17, 19] , for the admissible domains, they construct a quasimetric ρ(z, w) on ∂D × ∂D, and ball B ρ (z, r) = {w ∈ ∂D : ρ(z, w) < r} on ∂D, if we let π(z) be projection of z along normal direction to ∂D, then they proved that there is a constant C D > 1 and 0 > 0 so that if r ≤ 0 then
where r = δ(z), is the distance from z to ∂D; and E (z 0 , r) is a 'rough' hyperbolic ball in the Bergman meric defined as
In particular, when D = B n , the quasimetric can be taken as: ρ(z, w) = |1 − z, w |, z, w ∈ ∂B n . Note that the upper bound in (1.7) work for all z, w ∈ D near ∂D. Moreover, sharp upper bound estimates for derivatives were also obtained (see [8, 16, 17, 18, 19] for the details).
The first purpose of this paper is to prove the following theorem.
and embedding is compact; (ii) If f ∈ B 1 (D) then f can be extended as a function in C(D) and its restriction to any C 1 curve in ∂D is absolutely continuous.
When D is the unit ball, Part (i) of Theorem 1.1 was proved by Krantz for p = n, by Beatrous and Burbea in [3] and [4] for general p; Part (ii) of Theorem 1.1 was proved by Ahern and Bruna in [1] and Beatrous in [2] . When D is strictly pseudoconvex or convex domain of finite type, Part (i) of Theorem 1.1 is indicated in the recent results of Bonami, Peloso and Symesak in [6] and [7] , but we shall give a more direct proof here. Moreover, we shall provide an example to show that
The second purpose of this paper is to conclude that the dual of
In other words, we have the following result.
* with regular (without weight) L 2 pairing, where
Let d D (z, w) denote the distance from z to w in the Bergman metric. When D is the unit ball in C n , it was proved by Timoney in [21] that f ∈ B(D) if and only if |f (w) − f (z)| ≤ Cd D (z, w); for more general domain, the last inequality was used to define non-holomorphic Bloch space by Beatrous and Li in [5] . For Besov space, we will prove the following theorem.
where 1/p + 1/p = 1 and 1 ≤ p ≤ ∞, and C p,D is a constant depending only on p and D.
It was proved by K. Zhu [22] , when D is the unit ball in
We will prove the following theorem.
The paper is organized as follows: In Section 2, we prove Theorem 1.2. Theorems 1.1 and 1.3 are proved in Section 3. Finally, in Section 4, we prove Theorem 1.4.
Proof of Theorem 1.2
In our previous paper [15] , we proved that the following theorem: THEOREM 2.1 Let D be an admissible domaindomain in C n . Let r be a positive defining function for D, and let K r be the reproducing kernel for the weighted Bergman space
.
Now we are ready to prove Theorem 1.2:
in the sense of distribution, we have = P (f 0 ) and
by Theorem 2.1. Therefore, the proof is complete.
3 Proof of Theorems 1.1 and 1.3.
In this section, we will prove Theorems 1.1 and
We first prove the following lemma.
Lemma 3.1 Let D be an admissible domain in C n . Then the following statements hold.
and the embedding is continuous;
and the embedding is continous for all 1 ≤ p < ∞.
Proof. Let us prove Part (a) first. Let f ∈ A q 2 (D, K 1−q 2 dv). Then for any 0 < a < q 2 , by (1.7) and (1.8), we have
Similarly,
Therefore, from the above two inequalities, one can see that
and embeddings are continuous. Therefore, the proof of Part (a) is complete. Now we prove Part (b), by Part (a), it suffices to prove (b) for sufficiently large p. Let (p) = 2(p − 1)/(2 − p ) for 4 < p < ∞. Then (p) ∈ (0, 1). By Theorem 3.11 in [13] , for any 0 < q < ∞
, where δ(z) = dist(z, ∂D). By Hölder's inequality, (3.1) and (
is Carleson measure. In order to prove this assertion, we let d(z, w) be quasimetric on ∂D which is comparable with the complex structure of ∂D (see definition, for example, in [12] ), for any z 0 ∈ ∂D, we let B(z 0 , r) = {z ∈ ∂D : d(z, z 0 ) < r} be ball centered at z 0 with radius r on ∂D with respect to the quasimetric d.
For any z 0 ∈ ∂D, the Carleson region supported at z 0 with radius r is defined as follows:
where π(z) denotes the projection of z to ∂D along the normal direction. By the results on the estimation of Bergman kernels given in [8, 16, 17, 19] , we have
(3.1) and
Therefore, the claim is proved. By theorems in [10] , we have
By Part (a), the embedding
is compact when q 2 < q 1 . Therefore, the proof of Part (b) is complete, and so is the proof of the lemma. Now we are ready to prove Theorem 1.1.
Proof of Part (a) of Theorem 1.1.
Proof. For any f ∈ B p (D) and g ∈ H 1 (D). By the Green's theorem, we have
By the duality of
By the argument of the proof of Lemma 2.4 in our previous paper [15] , one can prove that
for all 4 < p < ∞ and so for 1 < p < ∞. Therefore the proof of Part (a) of Theorem 1.1 is complete.
Proof of Part (b) of Theorem 1.1.
Proof. Since f ∈ B 1 (D), by Theorem 2.1, we have
and
Hence there is a 0 < δ 1 ≤ δ( ) such that if z, w ∈ D and |z − w| ≤ δ 1 then
for all z, w ∈ D with |z − w| < δ 1 . Therefore, f ∈ C(D). Now we let γ : [0, 1] → ∂D be a C 1 curve. Then
Since D is an admissible domain in C n , the estimations on the derivatives of Bergman kernel of D and simple calculation show that
for any > 0. Therefore
uniformly for any > 0. Therefore, f • γ(t) is absolutely continuous on [0, 1].
Next we prove Theorem 1.3.
Proof of Theorem 1.3.
Proof. We first extend the definition of the quasimetric d(z, w) on ∂D×∂D to D × D by letting
Then, by the results in [8, 16, 17, 19] , we have
Therefore, the proof of Theorem 1.3 is reduced to prove the following inequality:
, for all 1 < p ≤ ∞ and 1/p + 1/p = 1. Let
We write
By the estimations on Bergman kernel given in [8] , [19] and [17] , there is 0 < < Then f p ∈ B p (B n ) and f q ∈ B p (B n ) for any q < p. 
